Abstract. Let E be a separable quadratic algebra over a locally compact field F of positive characteristic. The Langlands-Shahidi method can be used to define the Asai γ-factors for a smooth irreducible generic representation π of GLn(E). If σ is the Weil-Deligne representation of W E corresponding to π under the local Langlands correspondence, then it is shown that the Asai γ-factor is the same as the γ-factor on the Galois side corresponding to the representation of W E obtained from σ under tensor induction. This is achieved by proving that Asai γ-factors are characterized by their local properties together with their role in global functional equations for L-functions. An immediate application concerns the stability of γ-factors under twists by highly ramified characters.
introduction
Let F be a locally compact field of positive characteristic p. Let ψ be a non-trivial character F and π a smooth irreducible generic representation of GL n (F ), where n is a positive integer. If ρ n denotes the standard representation of GL n ( ), let r be either Sym 2 ρ n or ∧ 2 ρ n . In [7] the authors establish the equality of γ-factors:
γ(s, π, r, ψ) = γ(s, r • σ, ψ),
where the factor on the left is defined via the Langlands-Shahidi method [14, 15] , and σ on the right is the the Weil-Deligne representation corresponding to π under the local Langlands correspondence [13] . The same question in characteristic zero remains open, although much progress has been made [6] . In this paper, we address the case of Asai γ-factors and related L-and ε-factors. These factors can be seen as a generalization of those studied in [1] by T. Asai . Let E/F be a separable quadratic extension of locally compact fields of positive characteristic and let F be a separable algebraic closure containing E. Let π be a smooth irreducible representation of GL n (E). The L-group of Res E/F GL n is GL n ( ) × GL n ( ) ⋊ W F , where the Weil group W F acts via the Galois group Gal(E/F ) = {1, θ}. The Asai representation r A = r An can be defined by r A : GL n ( ) × GL n ( ) ⋊ Gal(E/F ) → GL n 2 ( ), r A (x, y, 1) = (x ⊗ y) and r A (x, y, θ) = (y ⊗ x).
The Langlands-Shahidi method is used in [15] to define Asai γ-factors γ E/F (s, π, r A , ψ) in characteristic p; we rely on that construction in the current paper. Writing σ as the Weil-Deligne representation of W E corresponding to π under local Langlands, we prove that (1.1) γ E/F (s, π, r A , ψ) = γ Gal F (s, I(σ), ψ), where I(σ) denotes the representation of W F obtained from σ by tensor induction (see Theorem 3.3) . In the case of characteristic zero, equation (1.1) for n = 2 is known [11, 17] (see [6] for progress in the general case).
Theorem 3.3 is proved via a characterization of Asai γ-factors involving local properties together with their connection with the global theory by means of a functional equation described below (1.2). More precisely, the local properties of γ E/F (s, π, r A , ψ) include: a naturality property with respect to isomorphisms of quadratic extensions E/F ; an isomorphism property pertaining to π; a dependence on the additive character ψ, which can be made explicit; a crucial multiplicativity property with respect to parabolic induction, which reflects the influence of taking tensor induction on a direct sum of Weil-Deligne representations; and finally, (1.1) is needed whenever the representation π is the generic component of an unramified principal series.
Let K/k be a quadratic separable extension of global function fields of characteristic p, for a split place v of K we have
Thus, in the local theory, the case of a separable quadratic algebra E/F is treated simultaneously. The connection with the global theory is now given by the global functional equation:
Let Ψ be a non-trivial character of k /k. Given a place v of k, let K v = K ⊗ k v . Let S be a finite set of places such that K/k, Π and Ψ are unramified outside of S. Then
where
In the course of proving our main results, we directly establish a local-to-global argument for the case of a cuspidal, tamely ramified representation π of GL n (E) (hence π of level zero) via the Grundwald-Wang theorem. Then the general problem is reduced to the case of a tamely ramified representation π. This is done by using a local-to-global result due to Gabber and Katz for ℓ-adic representations of the Galois group [10] , and translating it via the global Langlands correspondence [12] . We note that care must be taken, since we are considering a quadratic extension E/F .
In the Langlands-Shahidi method, π is assumed to be generic. But, using the Langlands-Zelevinsky classification together with multiplicativity, the definition of γ-factors can be extended to the general case (see § 4.1). Also, we show that the local L-and ε-factors are the same as the corresponding Galois factors. In § 4.2, we take the opportunity to write down a stability property of γ-factors that is not known in characteristic zero. Finally, in § 5 we give a short proof of the equality of local factors studied in [19] for Rankin-Selberg products of GL m and GL n .
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• E a separable quadratic algebra over F , i.e., either E/F is a separable quadratic extension of local fields or E ≃ F × F .
• π a smooth irreducible representation of GL n (E), n ≥ 1;
• ψ a non-trivial character of F .
Given a triple (E/F, π, ψ) ∈ L quad. (p), we say it is of degree n if π is a representation of GL n (E). Let x →x denote conjugation in E/F , i.e., the non-trivial automorphism of E/F . Let q be the cardinality of its residue field and let p be its maximal ideal. Given a representation σ, letσ denote its contragredient and let σ conj. denote the representation obtained from σ by conjugation. Let G = U(2n) be the quasi-split unitary group with respect to E/F . This group can be obtained via the hermitian form
Asai γ-factors in characteristic p are defined in [15] via the Langlands-Shahidi method. They arise from generic representations π of M = M(F ), where M = Res E/F GL n is the Siegel Levi subgroup of G (for general π we refer to § 4.1 below). Asai γ-factors give a rule which, to a triple
2.2. Given a representation σ of W E , we consider I (σ) to be tensor induction from
be the representation of W E corresponding to π via the local Langlands correspondence. The Galois γ-factors arising in connection with the Asai γ-factors will be written:
. These factors satisfy a number of easily established properties, including a multiplicativity property reflecting the decomposition rule:
The Asai γ-factors satisfy the corresponding properties, which we list in the next section.
Characterization of Asai factors
3.1. We first give the local properties of Asai γ-factors:
(p) be of degree n, and let η be an isomorphism η :
(p) be of degree n, and let π ′ be a smooth irreducible generic representation of GL n (E) isomorphic to π. Then
For the relationship with Artin factors, see § 5 of [15] . In the case n = 1, π can be viewed as a character χ of E × . Then γ E/F (s, χ, r A , ψ) is equal to the abelian γ-factor γ F (s, χ| F × , ψ).
(iii) (Relation with Artin factors).
and assume that n = 1 or that π is the generic component of a principal series. Let σ = σ(π) be the Weil-Deligne representation of W E associated to π via the local Langlands correspondence. Let I (σ) be the representation of W F obtained from σ by tensor induction. Then
We write this as the next property of Asai γ-factors.
(p) be of degree n, and let a ∈ F × . Then ψ a : x → ψ(ax) is a non-trivial additive character of F and we have
Let us give a short proof of (iv), it relies on the definition given in § 5.1 of [15] , which we refer to for any unexplained notation. Consider π as a representation of M ≃ GL n (E) and assume it is χ 0 -generic, where χ 0 is obtained from ψ. Let
where αβ −1 =ᾱ −1β = a ∈ F × . Then w 0 (t)t −1 lies in the center of M . Let π t be given by π t (x) = π(t −1 xt). The character χ 0,t given by χ 0,t (u) = χ 0 (t −1 ut) is then obtained from ψ a and π t is χ 0,t generic. Using the definition and a direct computation we get
The following can be found in § 5 of [15] :
be of degree n i . Let n = n 1 + · · ·+ n d and let π be the unique generic component of the representation of GL n (E) parabolically induced from π 1 ⊗· · ·⊗π d . Then
Notice that (v) and the case n = 1 give (iii).
(vi) (Split case). Let (E/F, ψ, π) ∈ L quad. (p) be of degree n and assume E ≃ F × F . Then π ≃ π 1 ⊗ π 2 , where π 1 and π 2 are smooth irreducible representations of GL n (F ) and
is a Rankin-Selberg factor; see § 5).
3.2. The link between the local and global theory is provided by the following property (see § 5 of [15] ): (vii) (Global functional equation). Let K/k be a quadratic separable extension of global function fields of characteristic p. Let Ψ be a non-trivial character of k /k and let Π = ⊗ ′ Π v be an automorphic cuspidal representation of
S be a finite set of places such that K/k, Π and Ψ are unramified outside of S. Then
, where σ = σ(π) is associated to π via the local Langlands correspondence. Moreover, Asai γ-factors also satisfy:
(viii) (Twisting by unramified characters).
Proof of theorem. Property (viii) can be shown directly, and the local functional equation is a property of γ
Gal F that can be immediately translated to γ E/F . To prove the main result, we can assume, by multiplicativity, that π is cuspidal; as the case E ∼ = F × F is given by (vi), we may assume E/F is a quadratic extension. We proceed by induction on n ≥ 1, where n = 1 is given by property (iii). Thus, we consider (E/F, ψ, π) ∈ L quad. (p) of degree n > 1.
Case 1: n > 1, E/F tame, π cuspidal and tame. (Thus π is of level zero). Let σ be the corresponding Galois representation under local Langlands. Then σ is irreducible and is given by σ = Ind WE W E ′ (χ), where E ′ /E is an unramified extension of degree n and χ : W E ′ → × is a tame character. By class field theory, χ is the same as a character χ : E ′ × → × . Moreover, χ restricted to U E ′ is obtained from a regular character of
given a local field F , its residue field is denoted by F ; given a global function field k, its field of constants is denoted by k ).
Let k = F (t) and let K/k be a separable quadratic extension with K 0 /k 0 ≃ E/F and such that K = E . Let n be a degree n extension of K , then the constant field extension K ′ = n · K is a cyclic extension of degree n, unramified everywhere.
Let w be a place of K that splits completely in K ′ /K. (Notice that a place w of K splits completely in K ′ /K if n divides the degree of w). Let S = {0, w ′ 1 , . . . , w ′ n }, where w ′ i |w. We can now proceed as in § 2.3 of [7] and construct a character ξ :
where the product ranges over all places w ′ of K ′ , such that:
Then ξ further extends to a grössencharacter
After globally twisting by an unramified character, we can assume thatξ 0 = χ. Also,ξ w ′ will be unramified for w ′ / ∈ S. A grössencharacterξ as above is the same as a character of W K ′ via global class field theory. Then R = Ind
will have R 0 = ρ and R v will be reducible for all places v of K, with v = 0. Indeed, R v is unramified for v / ∈ {0, w}, and R w is a sum of characters because w is split in K ′ /K.
Let ℓ, ℓ = p, be a fixed prime number, and let ι : É ℓ→ be a fixed field isomorphism. Then, R gives rise to a continuous degree n É ℓ -representation Σ of W K .
The global Langlands correspondence, proved in [12] , gives a cuspidal automorphic representation Π = Π(Σ). By the local Langlands correspondence of [13] , Π v corresponds to Σ v .
By construction: π corresponds to Π 0 , Π v is unramified for v / ∈ {0, w}, and Π w is a principal series representation. (If the place u of k lying below w splits in K/k, then we can use property (vi) instead).
By properties (i) and (ii), we can assume F = K 0 and π = Π 0 . By property (iv), we can also assume ψ = Ψ 0 . The global functional equation then gives
where S is a finite set of places of k containing 0 and u, w|u. But, for v distinct from 0 and u, Π v is an unramified principal series. Also, Π u is a (possibly ramified) principal series. Hence, property (vii) (and property (vi) if u splits) gives
. Then (3.1) and (3.2) give equality at 0.
Case 2. n > 1, E/F general and π cuspidal, but not necessarily of level zero. Let σ = σ(π) be the corresponding irreducible Weil-Deligne representation. Also, twisting by an unramified character if necessary, we can assume σ is a representation of the Galois group. Then σ factors through some Galois group Gal(E ′ /E). LetẼ be the Galois closure of E ′ /F . Consider k = F (t) and find a Galois extensionK of k, such that:K isẼ at 0, tame at ∞ and unramified elsewhere. This is possible by the results of Gabber-Katz [10] ; moreover, notice that Gal(Ẽ/F ) is the same as Gal(K/k) in Katz's construction. Then, if we let K/k be the quadratic extension corresponding to E/F , σ gives a representation Σ of Gal(K/k). The representation Σ will be σ at 0, tame at ∞ and unramified elsewhere. By the global Langlands correspondence of [12] , there exists an irreducible cuspidal automorphic automorphic representation Π = Π(Σ). The local components Π v of Π are obtained from Σ v via the the local Langlands correspondence of [13] . Since we assumed σ to be a representation of the Galois group, we may need to twist globally by an unramified character to ensure that Π 0 = π, but this does not affect the properties of Π. Then we can apply (3.1) and (3.2) to Π, with S = {0, ∞}, in order to complete the proof. The equality at ∞ is given by Case 1 treated above and by the fact that if Σ ∞ is tame, then so are all its irreducible components.
4. Local L-functions, root numbers and stability 4.1. Equality of local factors. Let us recall the definition of local L-functions and ε-factors via the Langlands-Shahidi method. Since the local factors we are studying arise from GL n , they can be defined for (E/F, ψ, π i ) ∈ L quad. (p) where π is any smooth irreducible representation of GL n (E). We note that the following discussion can be used to extend the results of [7] , related to ∧ 2 ρ n and Sym 2 ρ n , to representations that are not necessarily generic.
Let (E/F, ψ, π) ∈ L quad. (p). Let us first assume that π is tempered, then π is generic [22] . Let P π (t) be the unique polynomial satisfying P π (0) = 1 and such that P π (q −s ) is the numerator of γ E/F (s, π, r A , ψ). Then
Because π is tempered, L(s, π, r A ) is holomorphic for Re(s) > 0. If π is parabolically induced from π 1 ⊗ · · · ⊗ π d , where each π i is tempered, then multiplicativity of γ-factors gives multiplicativity for the L-functions:
The local ε-factor is defined to satisfy the relation:
Given (E/F, ψ, π) ∈ L quad. (p) in general, we can use Langlands classification to write π as parabolically induced from π ν,1 ⊗ · · · ⊗ π ν,d , where each π ν,i is quasitempered with a negative Langlands parameter ν. Each π 0,i is tempered, and the L-functions L(s, π ν,i , r A ) and L(s, π ν,i × π ν,j ) are defined by analytic continuation on ν. Then
ν,j ), and the root numbers are defined to satisfy (4.1) .
This is in accordance with the way local L-functions and ε-factors are defined for Weil-Deligne representations. Equality of local factors follows first for tempered representations from Theorem 3.3. Then in general by the above discussion.
4.2.
Stability of γ-factors. Let us briefly recall the stability property of local factors for Weil-Deligne representations [4, 5] . Let σ be a Weil-Deligne representation. Let η be a character of F × of level k, for k sufficiently large (depending on σ). Take an element c = c(η, ψ) ∈ F × such that ψ(cx)
Because of this, the next property is now a corollary to Theorem 3.3. We phrase it in terms of γ-factors.
, both of the same degree. Assume that π 1 and π 2 have the same central character. Then, for every sufficiently highly ramified character η of F × , we have
Remark 1. It is clear that the same result holds for local factors corresponding to exterior and symmetric square L-functions.
To be more precise, we use the notation of [7] : Let (F, ψ, π i ) ∈ L (p), i = 1, 2, both of degree n. Assume that π 1 and π 2 have the same central character. Then, for every sufficiently highly ramified character η of
Notice that, by the discussion in § 4.1, the representations π i need not be generic.
Rankin selberg products for representations of GL
is defined in [8] . Consider M = GL m × GL n as a maximal Levi subgroup of G = GL m+n and let P = MN be the maximal standard parabolic subgroup with Levi M and unipotent radical N. The adjoint action of L M on L n is r ≃ ρ m ⊗ρ n . For this r, the γ-factors γ(s, π 1 ⊗π 2 , r, ψ) are defined in [14, 15] via the Langlands-Shahidi method. The aim of [19] is to establish the equality
using completely local methods. What we now provide is a short proof of this result by means of a characterization of γ-factors.
Proof of equation (5.1)
. Let B = TU, be the Borel subgroup of GL m+n consisting of upper triangular matrices. Let χ 0 be the character of U(F ) obtained from ψ and, abusing notation, we also write χ 0 for the restriction of χ 0 to U M = M(F ) ∩ U(F ); they will be w 0 -compatible in the notation of [15] . Consider σ = π 1 ⊗π 2 as a representation of the Levi M . We may assume σ is χ 0 -generic. Both γ(s, π 1 × π 2 , ψ) and γ(s, π 1 ⊗π 2 , r, ψ) satisfy naturality and isomorphism properties. The multiplicativity property of the local coefficient implies multiplicativity for γ(s, π 1 ⊗π 2 , r, ψ). For γ(s, π 1 × π 2 , ψ), multiplicativity can be found in Theorem 3.1 of [8] . The relation with Artin factors when π 1 and π 2 are principal series is reduced via multiplicativity to establishing the relation in the case of GL 2 , which is well known.
For a ∈ F × , let t = diag(a −(m+n−1) , a −(m+n−2) , . . . , a, 1). Let σ = π 1 ⊗π 2 and let σ t be given by σ t (x) = σ(t −1 xt). The character χ 0,t given by χ 0,t (u) = χ 0 (t −1 ut) is then obtained from ψ a and σ t is χ 0,t generic. Using the definition and a direct computation to compare both local coefficients we obtain: γ(s, π 1 ⊗π 2 , r, ψ a ) = C χ 0,t (s,σ t , w 0 ) = ωπ 1 (a) −m ω π2 (a) n |a| mn(s− The same relationship holds for γ(s, π 1 × π 2 , ψ).
Finally, we have a global functional equation: Let K be a global function field of characteristic p, let Ψ = ⊗ v Ψ v be a non-trivial character of K\ K , and let Π 1 and Π 2 be cuspidal automorphic representations of GL m ( K ) and GL n ( K ), respectively. Let S be a finite set of places of K such that Ψ and Π i , for i = 1, 2, are unramified outside of S. Then, Theorem 5.14 of [14] gives
